This note provides an effective lower bound for the number of primes in the quadratic progression p = n 2 + 1 ≤ x as x → ∞.
Introduction
As early as 1760, Euler was developing the theory of prime values of polynomials. In fact, Euler computed a large table of the primes p = n 2 + 1, see [5, p. 123 ]. Likely, the prime values of polynomials was studied by other researchers before Euler. Later, circa 1910, Landau posed an updated question of the same problem about the primes values of the polynomial n 2 + 1, see [16, Section 19] for some details. A fully developed conjecture, based on circle methods, appeared about two decades later. Conjecture 1.1. ( [10] ) Let x ≫ 1 be a large number. Let Λ be the vonMangoldt function, and let χ(n) = (n | p) be the quadratic symbol modulo p. Then
where the density constant
The general circle methods heuristics for admissible quadratic polynomials was proposed in [10, p. 46 ]. More recent discussions are given in [20, p. 406] , [15, p. 342 ], et cetera. Some partial results are proved in [9] , [13] , [2] , [4] , [11] , [12] , and the recent literature. The results for the associated least common multiple problem log lcm[f (1)f (2) · · · f (n)] appears in [3] , [14] et alii. This note proposes the following partial result. 
The proof appears in Section 2. This seems to resolve the asymptotic part of the polynomial prime values problem for f (x) = x 2 + 1. The true constant remains an open problem. Some heuristics, and discussions on the difficulty and complexity of the constant appear in [8] , [19] , and the significant literature on the Bateman-Horn Conjecture. A comparison of (2) and the implied constant in (3) is provided in (36).
Main Result
The total number of prime power divisors is Ω(n), and the Liouville function is λ(n) = (−1) Ω(n) . The vonMangoldt function is denoted by Λ(n). The characteristic function of square integers n ∈ N is precisely
for some m ≥ 1. The quadratic to linear identity is the product
The proof of Theorem 1.1, which is based on the the quadratic to linear identity, is broken up into several Lemmas.
Proof. (Theorem 1.1) Summing the quadratic to linear identity over the integers n ≤ x leads to
The lower bound
≥ log 2 is a nonnegative value for all numbers x ≥ 1. Reversing the order of summation in (7) , and partitioning the last finite sum into two subsums return
where x 0 = (log x) B , B > 2 is a constant, and ε > 0 is an arbitrary small number such that (1 − ε)B − 1 > 1. Applying Lemma 3.1 to the subsum S 0 and Lemma 3.2 to the subsum S 1 return
A list of the prime values p = n 2 + 1 is archived in OEIS A002496. Basically, this technique is restricted to square integers and associated collection of irreducible polynomials f 1 (n) ∈ Z[x] of fixed divisor div f 1 = 1, see Definition 5.1. The basic technique can be extended to other related collections of irreducible polynomials such as f 2 (x), see below, if it can be mapped into f 1 (x) and its important properties, (irreducibility, and fixed divisors), remain invariant. Moreover, it can be recursively applied to the polynomial f 3 (x). However, it is not applicable to cubic polynomials as f 4 (x). 
Estimates For The Finite Subsums
Proof. The vonMangoldt function sieves the prime values p = n + 1 ≡ 1 mod d. Hence, there are two congruence conditions, and the finite sum can be rewritten as d≤x0 λ(d)
Applying Corollary 4.1 yields d≤x0 λ(d)
The last partial sum in (12) converges to a constant A 2 > 0, and it was replaces with
where 
Proof. Taking absolute value yields
≪ (x 1/2 log x)
The last finite sum in (16) has the upper bound
Substituting (17) 
uniformly for all q < e c1 log x/log log x , except possibly for the multiples of certain q > (log x) B , but the implied constant depends on the arbitrary constant B > 0.
The asymptotic result of the prime counting function π(x, a, q) over an arithmetic progression has an earlier reference in [17] , it also appears in [21, Lemma 3.2], but the moduli are restricted to q ≤ (log x) 4 . The function ν f (q) = #{n : f (n) ≡ 0 mod q} is multiplicative, and can be written in the form
where p b || q is the maximal prime power divisor of q, and ν f (p b ) ≤ deg(f ), see [18, p. 82 ].
Example 5.1. A few well known polynomials are listed here.
1. The polynomials g 1 (x) = x 2 + 1 and g 2 (x) = x 2 + 3 are irreducible over the integers and have the fixed divisors div(g 1 ) = 1, and div(g 2 ) = 1 respectively. Thus, these polynomials can represent infinitely many primes.
2. The polynomials g 3 (x) = x(x + 1) + 2 and g 4 (x) = x(x + 1)(x + 2) + 3 are irreducible over the integers. But, have the fixed divisors div(g 3 ) = 2, and div(g 4 ) = 3 respectively. Thus, these polynomials cannot represent infinitely many primes.
Zeta Function And Its Plane Of Convergence
The set of prime powers is denoted by P ∞ = 2, 2 2 , 3, 5, 7, 2 3 , 3 2 , 11, 13, 2 4 , 17, 19, 23, 5 2 , . . . ,
and the subset of primes n 2 + 1, n ≥ 1, is denoted by 5, 17, 37, 101, 197, 401 
The multiplicative set generated by A ∪ {1} is the subset of integers B = {n = ab : a, b ∈ A ∪ {1}} = 1, 2, 2 2 , 5, 2 3 , 2 · 5, 2 4 , 17, 2 2 · 5, 5 2 , 2 5 , 37, . . . .
The zeta function of over the subset of integers B is defined by
Furthermore, for n ∈ B, the restricted vonMangoldt function is defined by Λ A (n) = log(m 2 + 1) if n = (m 2 + 1) k is a prime power, 0 if n = (m 2 1 + 1) k1 · · · (m 2 t + 1) kt is not a prime power,
where the exponents are k ≥ 1, and k 1 , . . . , k t ≥ 1.
Theorem 6.1. Let x ≥ 1 be a large real number. Then,
is absolutely convergent on the half plane ℜe(s) = σ > 1/2.
has a pole at ℜe(s) = 1/2.
Proof. (i) Given a complex number ℜe(s) = σ > 1/2, it is sufficient to show it is bounded by a convergent product.
(ii) For a complex number ℜe(s) = σ > 1/2, the logarithm derivative of the zeta function is
confer the literature on the logarithm derivatives of zeta functions, L-functions, et cetera. For any real number x ≥ 1, Theorem 1.1 implies that
Use (29) to derive a lower bound of the partial sum of (28) at s = 1/2. Specifically,
where C 0 is a constant. As the partial sum is unbounded at s = 1/2, it immediately follows that ζ A (s) has a pole at s = 1/2. In addition, it converges to a holomorphic function on the upper half plane H = {s ∈ C : ℜe(s) > 1/2}.
The power series expansion at s 0 = 1/2 should have a simple pole and the shape
where the residue c −1 = a 2 .
Some Infinite Products
The results for the product in this Section are optional. These products are of secondary importance.
Lemma 7.1. The constant A 2 has the explicit product and numerical value
,
Proof. (i) Use the multiplicative properties of the two arithmetic functions λ(p k ) = (−1) k and ϕ(p k ) = p k−1 (p − 1) respectively, to convert the sum to a product.
.
(ii) A limited numerical experiment gives
for p ≤ 10 6 log 10 6 .
Likely, there is rational number B 2 > 1 which links the two constants a 2 = A 2 B 2 , see (2) . More presicely, 
